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SPECTRAL PROPERTIES OF ELEMENTARY OPERATORS. II

BY
LAWRENCE A. FIALKOW!

ABSTRACT. Let A = (A1,...,An) and B = (By,...,By) denote commuta-
tive n-tuples of operators on a Hilbert space ¥. Let R 4p denote the elementary
operator on L(X) defined by R4p(X) = A1 XB1 + -+ + AnXByn. We obtain
new expressions for the essential spectra of R4p and R4p|J (the restriction
of Rop to a norm ideal J of L(¥)). We also study isolated points of joint
spectra defined in the sense of R. Harte.

1. Introduction. Let ¥ denote an infinite-dimensional Hilbert space, and let
L(¥) denote the algebra of all bounded linear operators on ¥. For commutative n-
tuples of operators A = (A4;,...,A,) and B = (By,...,B,),let R = Rap: L(X) —
L(¥) denote the elementary operator defined by

R(X) =AXB,+---+A,XB, (X € ﬁ()'{))

Elementary operators (in a more general Banach algebra context) were introduced
by G. Lumer and M. Rosenblum [22], who computed the spectra of such operators
in cases where the A;’s or B;’s are functionally related. Let o (T) and one(T)
denote, respectively, the spectrum and Fredholm essential spectrum of an n-tuple
T € L(¥)™ in the sense of R. Harte [18, 19, 8]. In Theorem 2.1 we derive the
following expression for the essential spectrum of an elementary operator:

(11) Ue(RAB) =O'H(A)OO’He(B)UO'He(A)OUH(B).

(For subsets 0,7 C C*, 007 = {aof = > aifi: o = (a1,...,an) €0, f =
(Br,---,Bn) €7})

As described below, this result supplements the description of o.(R4p) obtained
by A. Carrillo and C. Herndndez [3], and it closely parallels the following expression
for the spectrum of R4p that we derive in the sequel from results of R. Harte [19]
and R. Curto [5]:

(1.2) o(Rag) = ou(A) o ou(B).

A well-known and useful consequence of Voiculescu’s Theorem [27], due to C.
Apostol [2, Lemma 2.2], is that if T € L(¥) and A € 01(T) (the left essential
spectrum of T'), then U(T)~, the norm closure of the unitary orbit of T, contains
an operator S such that dimker(S — A\) = oo. In the course of proving Theorem
2.1, we obtain the following close analogue of this result for elementary operators:
If A € 01e(RaB), then there exists an elementary operator Ra/p: € U(Rap)™ such
that dimker(R4'p' — A) = oo (Corollary 2.9); if A € 0,e(RaB) (the right essential
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416 L. A. FIALKOW

spectrum of R4p), then there exists an elementary operator Ra'p € U(RaB)~
such that dim(L(¥)/Ran(Ra'p' — A)~) = oo (Corollary 2.11).

We prove all of the preceding results, not just for elementary operators, but also
for operators of the form Rap|J: J — J, where (J,]|| - |||) is an arbitrary norm
ideal of £(¥). This extension is useful in obtaining applications to sums of tensor
products of operators (as discussed in [10]).

For A,B € L(}), define T4p(X) = AX — XB and Sag(X) = AXB (X € L(X)).
For R =7or R = §, and for A € psr(R) (the semi-Fredholm domain of R), we may
compute index(R — A) in terms of spectral and algebraic invariants of A and B |9,
10, 11]. The problem of extending these results to arbitrary elementary operators
remains open, even for n = 2, and leads naturally to the problem of describing
the isolated points of the Harte joint spectrum. In §3 we study this problem for a
commuting pair of operators (A, B), and we obtain some information concerning
the location of isolated points (Proposition 3.4). We show that, in general, isolated
points of the Harte-Fredholm domain of (A, B) cannot be excised by a Riesz-type
spectral decomposition (Example 3.5).

In the remainder of this section we recall the terminology and results that we
require in the sequel. Let X denote a complex Banach space, and let £(X) denote
the algebra of all bounded linear operators on X. For A € £(X), let o(A) denote
the spectrum of A, i.e.,

o(A) ={A € C: A— Aly is not 1-1 or not onto}.
For a commutative n-tuple A = (A4;,...,4,) € L(X)™), let or(A) denote the
Taylor spectrum of A [25]. Let K(X) denote the closed 2-sided ideal of all compact
operators in £(X), and let A(X) = L(X)/K(X). For A € L(X), let A denote the
image of A in A(X) under the canonical projection, and let o.(a) = d(A) denote
the Fredholm essential spectrum of A. For an n-tuple A, o1e(A) denotes the Taylor
essential spectrum of A [(4].

Let A denote a complex Banach algebra with identity 1. For A = (Ay,...,An) €
A the left spectrum of A (relative to A) is defined by

a(A) = {)\ € C™: There is no solution X € 4™

to the equation X1(A; — A1) + -+ Xn(An — A\n) = 1}.
The right spectrum of A, o,(A), is defined analogously, and the Harte spectrum of
A is given by ou(A) = a1(A) Uo,(A) [18, 19). ) 3 3

For a Banach space X, A = A(X), and A € L(X)™, let A = (A;,...,4A,) €

A(X)™ | and let 01(A) = 01(A), the left essential spectrum of A, and 0.(A) =

o:(A), the right essential spectrum of A. The Harte essential spectrum of A is
given by oge(A) = 01e(A) Uore(A). If A € L(X), then 0(A) = ou(A) = o1(A)
and 0¢(A) = one(A) = o1e(A); for n > 1 and A € L(X)™, ou(A) C o1(A) and
oHe(A) C o1e(A) (see [25]).

In [19, Theorem 3.5] R. Harte obtained the following identities for the left and
right spectra of elementary operators:

(13) o1(Rag) = 01(4) 0 0:(B)

and

(1.4) o:(RaB) = 0+(A) 0 01(B);
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thus,
(1.5) 0(Rag) = 01(A) o 6,(B) U o (A) o 01(B).
With the aid of (1.3) and (1.4), R. Curto [5] derived the following expression for
o(Rap) in terms of Taylor spectra:
(1.6) 0(RaB) = o1(A) o o1(B).
Thus,

ou(A) oou(B) C or(A) oo (B) = 0(RaB)

= 01(A) o 0:(B) U, (A) 0 01(B) C ou(A) oou(B),

whence we deduce (1.2) and also the identity
(1.7 ou(A) o og(B) = o1(A) o or(B).

Formula (1.7) is of interest because there is at present no concrete prescription
for computing o1(A)\ou(A) (even for pairs of operators, n = 2), and (1.7) may
prove useful in such computations. (The results of §3 may also be useful in this
regard.) It would be interesting to discover a proof of (1.7) that is independent of
results about elementary operators; we know of no such argument at present.

Identity (1.1) is the analogue of (1.2) for essential spectra. In [7] R. Curto
obtains the following analogue of (1.7) for essential spectra:
o1e(A) 0 or(B) Uor(A) o ore(B)

= one(A) 0 ou(B) Uon(A) o one(B),
from which follows (via (1.1)) the following analogue of (1.6):
(1.9) O'e(RAB) = UTe(A) o O'T(B) U O'T(A) o O'Te(B).

Results such as (1.1) (and hence (1.9)) depend on analogues of (1.3)-(1.5) for es-
sential spectra. These are the results of A. Carrillo and C. Herndndez that we next
describe.

For n-tuples of Hilbert space operators A and B, let

o1 = 01 (A, B) = 01(A) 0 01e(B) U0ie(A) 0 0,(B),
o011 = 011(A, B) = 0;(A) 0 01¢(B) U 0re(A) 0 01(B),
on = on(A, B) = 01(A) 0 01e(B) Udie(A) o 0y(B), and,
Orr = 01 (A, B) = 0, (A) 0 0re(B) U 0re(A) 0 01 (B).

In [3, Corollary 1] A. Carrillo and C. Herndndez proved the following analogues
of (1.3)-(1.5):

(1.8)

(110) ole(RAB) = o'lr(A; B))
(111) Crre(IZAB) = Url(A, B)’
(1.12) Ue(RAB) = 0'1,.(A, B) @] 0',1(A, B).

In §2 our proofs of the inclusions

01:(A,B) C o1e(Rap) and o0,(A, B) C 61e(RaB)
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yield the stronger conclusions of Corollaries 2.9 and 2.11 (described above). (Propo-
sitions 2.8 and 2.10 were found independently of [3] and were announced in [12].)

Clearly, one may extend the definition of an elementary operator to the case
where the coefficient sequences are not necessarily commutative. We consider only
the commutative case in the sequel, but we note that several of the results of §2
(e.g., Lemmas 2.2-2.7, Propositions 2.8 and 2.10) can be extended to the general
case with no change in the proofs. On the other hand, Theorem 2.1 does not extend
to the noncommutative setting.

The author wishes to thank Professsors A. Carrillo and C. Herndndez for early
receipt of [3]. The author is also grateful to Professor R. Curto for several inter-
esting conversations concerning the topics discussed in this paper.

2. Essential spectra of the operators R;. In this section we prove (1.1). In
the sequel, A = (4;,...,4,) and B = (By,..., B,) denote commutative n-tuples
of operators in L(¥). Let (J,]|| -|||) denote a symmetric norm ideal of L(¥) in the
sense of (15, 24]; as a notational convenience we extend this notation to include
J = L(X). Since J is a 2-sided ideal of L(¥), J is invariant under R4p, and the
restriction of R4p to J, which we denote by R, defines a bounded operator on the
Banach space J.

Let z,y € ¥ and let z ® y € L(}) denote the rank-one operator defined by
(z®y)(h) = (h,y)z (h € ¥). Since J contains each finite rank operator, it is clear
that S;gz,yey|J # 0 whenever z # 0 and y # 0. If L, K € K(¥), then S x|/ is a
compact operator in £(J). (Indeed, Sy x|J may be norm-approximated in £L(J) by
finite rank operators of the form Sgg|J, where F and G are finite rank operators.)
Using these observations, it follows from (3, Theorem 2] (applied to the Banach
space Y = L£(J)) that (1.8)—(1.10) admit exact analogues for the operators R ;:

(2.1) Ule(RJ) = Ulr(A, B);
(2.2) ore(Ry) = on(A, B);
(2.3) oe(Ry) = 01:(A, B) Uon(A, B).

Our goal is to prove the following alternate expression for the essential spectrum

of R;.
THEOREM 2.1. 0.(R;) = ou(A) o oge(B) U one(A) o ou(B).

Before beginning the proof we require some additional notation. For a Banach
space X and T € L(X), we set

U(T)={U'TU:U: X — X is an isometric isomorphism}.
Let ker T and Ran T denote, respectively, the kernel and range of T'. Let
psr(T) = {) € C: T — )X is a semi-Fredholm operator},

the semi-Fredholm domain of T [21]. For A € C, let nul(T — A\) = dimkerT —
A, def(T — A) = dim(X/Ran(T — X\)7), and for A € pgp(T), let ind(T — A) =
nul (T — X) — def(T — \) (the indez of T — X) [21]. Note that {A € C: nul (T - ) =
00} C 01¢(T) and {)\ € C: def(T — \) = 00} C 0+e(T) (28, Theorem 4].

Let A and A’ be n-tuples of operators; A and A’ are approrimately unitarily
equivalent, A~,A’, if there exists a sequence of unitary operators {Ui}>, C L(¥)
such that lim ||A? — UF AUkl = 0 (1 <1 < n) [27]. A and A’ are approzimately
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similar, A~,A’, if there exists a sequence of invertible operators {Xx}2, C L(X)
such that supy || Xk|| < oo, supy | Xz ']l < 0o, and lim || A} — X' 4; Xk =0 (1 <
1 <n) [16].

LEMMA 2.2. If A~,A’ and B~,B’, then, for A € C, Rjy(A,B) — X is semi-
Fredholm if and only +f Ry(A’, B') — X 1s semi-Fredholm, and, in this case,
ind(Ry(A, B) — \) = ind(Ry(A’, B') — \);
moreover,
01e(Rs(A, B)) = g1e(Rs(A’, B')) and ore(Rs(A, B)) = ore(Rs(A’, B")).
If A~, A’ and B~,B’, then R;(A',B’) € U(Rs(A, B))".

PROOF. The first part follows by a direct adaptation of the proof of 11, Propo-
sition 2.5] concerning the operator S;(A, B). For the second part, let {Ux} and
{Vi} denote sequences of unitary operators on ¥ such that |A; — Uz A;Ux| — 0
and ||B; - VgB;Vk|| - 0 (1 <¢ < n). For T € L(X), let LT and Rr denote the
operators on J defined by L(X) = TX and Rr(X) = XT. Clearly, Wy = Ly, Ry,
is an isometric isomorphism of J and

Wi Ry (A, B)Wi, — Ry(A', B')|| — 0.

For ease of reference we next recall two known results concerning left and, re-
spectively, left essential spectra.

LEMMA 2.3 [8, LEMMA 2.4]. For Ac L(¥)™ and X € C" the following are
equivalent:

(i) A € o1(A);

(1) D°(Ai = Xi)*(A; — \i) s not tnvertible.

LEMMA 2.4 [8, THEOREM 2.6; 14]. For A € L(X)™ and A € C™ the
follounng are equivalent: o

(i) A € 01e(A), i.e., there is no solution X € L(X¥)™ to 3 X;(A; — X)) = 1;

(i) there ezists an infinite rank orthogonal projection P € L(X) such that
(Ai=X)PeK(¥H), 1<i<m

(iii) there exists an orthonormal sequence {ex}3> | such that limy ||(A;—\i)ex|| =
0, 1<:<m

(iv) S5(Ai — X)*(Ai — ;) 1s not Fredholm.

The following result is a direct adaptation of the aforementioned result of C.
Apostol {2, Lemma 2.2], so we omit the proof.

LEMMA 2.5. If A€ L(X)™ and X € 01c(A), then there exist A'~,A and an
infinite rank projection P € L(X) such that (A} —X\;)P =0, 1 <:<n.

For A€ L(¥)(™), let 0,(A) denote the joint point spectrum of Ay,..., A,, ie.,

op(A) ={A € C": Thereexistsz € ¥, z# 0,
such that (A; — \)z =0, 1 <i<n}.
LEMMA 2.6. If A € 01(A), then there exists A'~, A such that A € o,(4’).

PROOF. This is the analogue of [11, Lemma 2.12) for n > 1. If X € g.(A),
Lemma 2.5 implies that there exists A’~,A4 and an infinite rank projection P €
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L(X) such that (A; — A\;)P =0 (1 < ¢ < n). Clearly, P¥ C (), ker(A4] — \;),
so A € op(A’). Suppose A € 01(A)\0le(A). Lemmas 2.3 and 2.4 imply that the
positive operator M = Y (A4; — \;)*(A; — \;) is Fredholm but not invertible, and
thus has nontrivial kernel M. If z is a nonzero vector in M, then Y ||(4; — \:)z||? =
(Mz,z) =0, so z € ker(A4; — \;) (1 <¢ < n) and, thus, A € o,(A).

By considering adjoints we also obtain

LEMMA 2.7. Let A€ L(})™.

(1) If X € 0ve(A), then there exist A'~, A and an infinite rank projection P such
that (A} — X;)*P =0 (1<i<n).

(ii) If X € 0:(A), either A € 0ve(A) or X € 0p(A*) (where X = (Ay,...,An) and
A= (A1, An)). )

(iii) If X € 01(A), then there exists A'~,A such that A € a,(A™).

PROPOSITION 2.8. If A € 01,(A, B), then there exists

RJ(A,a BI) € U(RJ(Av B))_

such that nul(Ry(A’, B’) — \) = oo; tn particular, 01:.(A, B) C 01e(Rs(A, B)), and
if Ry(A, B) — X is semi-Fredholm, then ind(Rs(A, B) — A) = +oo0.

PROOF. Let A € 01,(A,B) and suppose A = a o with a € g.(A), B €
o:(B) or a € 01(A), B € ore(B). It follows from Lemmas 2.5-2.7 that there exist
A'~, A, B'~,B, and nonzero orthogonal projections P and @ such that

(i) (A — )P =0 (1 <7 <n),

(ii) (B = B8:)"Q@ =0 (1 < ¢ < n),

(iii) P or @ has infinite rank.

Let ¥; and ¥, denote copies of ¥, and consider the decompositions ¥; = PX; &
(1-P)¥; and X2 = Q¥2®(1—Q)H2. Relative to these decompositions, the matrices
of A, € L(¥1), B € L(H2) (1 <i<n),and X € L(¥) = L(¥2, 1) are of the form

. AY B 0
A; = * A ’ B: = i T )
( 0 Aé;) ) ( Bél) B§2)

X1 X2
X = .
( Xo1 X22 )
Let 7 = {X € L(¥): X12, X21, X292 are zero operators and X1;: QX2 — PX; is
a finite rank operator}. A calculation shows that for X € ¥, A/ XB] — o;8;X =0,
so (R(A’, B")—\)(X) = 0. Since P or @ has infinite rank, ¥ is infinite dimensional;
moreover, ¥ C J. Thus

nul(R;(A’,B’) — A) > dim ¥ = oo.

It follows that A € o1(Rs(A’, B')) (28] and, if R;(A’, B’) — A is semi-Fredholm,
that ind(Ry(A’, B') — \) = +00. The result now follows from Lemma 2.2.

COROLLARY 2.9. If X € 01(Rs(A, B)), then there exists
R;(A",B") € U(R,(A,B))~

and

such that nul(Ry(A’, B') — A) = oo.
PROOF. The result follows from Proposition 2.8 and (2.1).
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PROPOSITION 2.10. If A € 0,1(A, B), then there ezists
RJ(AIa B,) € U(RJ(A) B))—
such that def(Ry(A’, B') — X) = oo; thus
Url(A, B) C Ure(RJ(Aa B))a
and if Ry(A, B) — X 1s semi-Fredholm, then ind(R (A, B) — ) = —oo.

PROOF. Let ) € 01(A, B) and suppose A = a o 3, with a € g..(A), B € 01(B)
or o € 0,(A), € 01e(B). Lemmas 2.5-2.7 imply that there exist A'~, A, B'~,B,
and nonzero orthogonal projections P and @ such that

(i) (A — ;)P =0 (1 <i <n),

(i1) (Bf = B:)Q@ =0 (1 <3 < n),

(iii) P or @ has infinite rank.

Let X; and ¥, denote copies of ¥; thus ¥; = PX; & (1 — P)¥; and ¥, =
QX2 & (1 — Q)H2. Relative to these decompositions, a calculation shows that, for
XeJ, Y =(Ry(A,B')-))(X) satisfies PYQ = 0, whence def(R;(A’,B') —\) =
00, and the result follows from [28] and Lemma 2.2 (as in the proof of Proposition
2.8).

COROLLARY 2.11. If A € 01e(Rs(A, B)), then there exists
R;(A',B') € U(Rs(A, B))~
such that def(R;(A’, B")) = oo.
PROOF. The result follows from Proposition 2.10 and (2.2).
PROPOSITION 2.12. oy(A, B) C 0.(Rjy(A, B)).

PROOF. The proof is an extension of the argument given in [9, Theorem 3.1].
Let A € ou(A, B) and suppose A = a o 3, with a € 01e(A), 8 € ai(B) or a €
01(A), B € 01e(B). Lemmas 2.3 and 2.4 imply that there exist A'~, A, B'~,B, and
nonzero orthogonal projections P and @ such that

(i) (A — )P =0 (1<1<n),

(ii) (B{ - B:)Q=0(1<¢<n),

(iii) P or Q is an infinite rank projection.

Note that A’ and B’ are commutative n-tuples.

Let ¥; and X2 denote copies of X; thus ¥; = PX; @ (1 — P)¥; and ¥, =
QX2 @ (1 — Q)X2. Relative to these decompositions, the operator matrices of A} €
L(}1), B € L(X2), and X € L(¥) = L(¥H2, ¥1) are of the form

A=|% Agzi') B = Bi Bg) X = X1 Xio
* 0o AD ) T o BYJ)’ Xo1 X2 )~
For V € L(Q¥2, PX1), let

M) = (‘3 8) € L0, ).

Let M = {M(V):V € L(Q¥2,P¥;,) and V is a finite rank operator}. Since P or
Q has infinite rank, M is an infinite-dimensional linear subspace of J C L(¥).
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Let R, = Ry(A’,B’). From Lemma 2.2, it suffices to show that R/, — )\ is not
Fredholm. We first show that

(%) dimker(R'; — A) > dim(M N Ran(R)y — \)).
Let M € M N Ran(R/ — A); thus M = M (V) for some finite rank operator V €

L(QX2, PX,); to prove (x), it suffices to show that ker(R’y — A) contains an operator
of the form ,

i)

Let X € J be an operator such that (R — A)(X) = M(V). Let W(V) =
E(A — ;)X By and note that

)= (A — o;)XBj + o; X(Bj — ;)] - > _ 0; X(B} — ;)
= (R = N)(X) = D 05 X(B} ~ ;) = M(V) = ) ; X(B; - By).
For each j, the matrix of X(B! — ;) is of the form (g *), and it follows that the
matrix of W (V') is of the form (x*). We claim that W (V') € ker(R/; — A); to show
this, it suffices to verify that (4} — a;)XB; € ker(R}; — A) (1 <7 < n). Now
(Ry — N)((4] - oy)XB))

Z{(A' (4] — 0j)XB})B] + (e(4} — a5) X B})(B; — 6:))

. — a] (Z[  —a;)XB; + o, X(B;] — ﬂ,)]) B!

= (A, - a;)M(V)B, =0

3
(since clearly (A} — a;)M(V) = 0).

Thus dimker(R’; — A) > dim(M N Ran(R); — A)). We may thus assume that
Ran(R/; — )) is closed and » = dim(M N Ran (R — X)) < oo, for otherwise
A € o0e(R;). We claim that in this case def(R; — A) = oo. If n > 0, let
{V }2_, C L(Q¥2, PX;) be a sequence of finite rank operators such that { M (V;)}7
is a basis for M N Ran(R/; — X). Since P or Q has infinite rank, there exists a se-
quence {W;}2, C L(Q¥2, P¥1) of finite rank operators such that {V;} U {W,}
is independent. For S € J, let [S] denote the image of S in J/Ran(R; — A);
note that {{[M(W;)]}?2, is independent. Indeed, if ci,...,cm are scalars such that
Yo c;[M(W;)] =0, 1;hen0—[M(ZcJ Il soMZcj i) € M NRan(R; — A).
Thus there exist scalars dy, . . .,d, such that dYoeiWi=3" d :Vi, whence each ¢; = 0.
Since {[M(W;)]}2, is mdependent def(R’; — X) = oo, and thus A € 0.(R). The
case when n = 0 is treated similarly; the proof is now complete.

LEMMA 2.13. o.(A,B) C 0e(Rs(A, B)).

PROOF. By considerations with adjoints, the proof follows from Proposition
2.12 and the following observation: R;(A4, B) — ) is semi-Fredholm if and only if
R;(B*,A*) — A is semi-Fredholm, and in this case

ind(Rs(A, B) — A) = ind(R,(B*, A*) — })

(see [11, Lemma 2.6]).
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PROOF OF THEOREM 2.1. Let
o(A, B) = oy,(A, B) U0y (A, B) Uoy(A, B) Uaw (A, B).
It follows from the definitions of Harte spectra and essential spectra that
0(A, B) = 0u(A) 0 0ne(B) U oHe(A) 0 ou(B).

The inclusion 0(A, B) C 0¢(R;) thus follows from Propositions 2.8, 2.10, and 2.12
and from Lemma 2.13. The reverse inclusion follows from (2.3).

3. Isolated points of the Harte joint spectrum. Recall the Riesz De-
composition Theorem [23, Theorem, p. 421]: If A € L(X) and 0(4) = 01 Uo2
where 01 and o2 are disjoint nonempty closed subsets of o(A), then there exist
complementary closed A-invariant subspaces M, N C X such that 0(A|M) = o1 and
a(A|N) = o2; equivalently, A s similar to an orthogonal direct sum A, @ Ay, where
0(A;) = 0; (v = 1,2); finally, if 01 = {A}, a singleton, then A € o¢(A) if and only
if dim M = oo. (This version of the Riesz Decomposition Theorem is discussed in
[13].)

This decomposition depends on the existence of an analytic functional calculus
for A relative to o(A). If A is a commutative n-tuple of operators, there is an
analytic functional calculus for A relative to o(A), so the conclusions of the Riesz
Decomposition Theorem carry over to this setting [26]. On the other hand, the
functional calculus for n-tuples relative to on(A) concerns only polynomials [18,
19], so it is not surprising that (as we show below) the spectral decomposition
property fails for isolated points of Harte spectra.

If o is an isolated subset of oy (A) for which there is a corresponding spectral
decomposition, we say that o is removable. If an isolated subset o of ou(A) is
not removable, then o cannot be isolated in or(A); thus the description of the
isolated points of oy (A) provides data that is useful in computing o1(A)\ou(A).
A computationally useful description of o1 (A)\ou(A) is unknown even for n = 2
(except in special cases, see [4, 5]), and in the sequel we state our results only for
pairs of operators; several of the results do, however, admit extensions to n-tuples.

The results of this section are also motivated by the following considerations
concerning elementary operators. Let n = 1, A = (A;), B = (By), or let n =
2, A = (A1,-1), B = (1,B;). The corresponding elementary operator Rap
satisfies the following property:

(%) If Aisin 6(R)\oe(R), then A = aof3, where a € oy (A)\oue(4), B €
ou(B)\oue(B), and « is isolated in o (A) or 8 is isolated in o (B)

(see [10, 11]). In the second example above, since a = (a;, az) is isolated in og(A)
if and only if o4 is isolated in 0(A;) and a2 = —1 (and similarly for 8 = (81, 52)
and o(Bz)), an argument based on the Riesz Decomposition Theorem allows one to
compute ind(R — A) in terms of invariants associated with the A;’s and B;’s [10].
An analogous argument holds for the n = 1 case [11].

For arbitrary elementary operators (indeed, even for n = 2), we do not know
whether (x) is valid; if () does hold, the lack of a spectral decomposition for
arbitrary isolated points of ou(A)\oue(A) may introduce a further difficulty in
computing ind(R — ). Of course, it may happen that the analogue of (x) for




424 L. A. FIALKOW

Taylor spectra is valid (as in the above examples), in which case the Taylor version
of the spectral decomposition theorem can be applied.

In the sequel A and B are commuting operators on a separable Hilbert space
H. In the following example we show that, in general, there is little one can say
about the location of o € 0(A) and 8 € ¢(B) in cases for which (e, B) is isolated
in OH (A, B )

EXAMPLE 3.1. We will exhibit commuting positive operators A and B with
0(A) = 0e(A) = 0(B) = 0e(B) = [0,1] such that o (A, B)\oue(A, B) contains a
sequence of isolated points of oy (A, B) that is dense in oy (A4, B).

Let {I,,}32 ; denote the sequence of “middle third” open intervals used to define
the Cantor set. For n > 1, let ¥, denote a copy of X, let {e;n}32, denote an
orthonormal basis for ¥, and let S, = {rm}l , denote an enumeration of the
distinct rational numbers in I,,. Let S = J;2, S, and let {s:n}3%,_, denote an
enumeration of the distinct points of S such that Sin is in I; (e.g., let Sin = Tn; for
t,n > 1). Define operators A and B on ¥oo = Y .o, @ Hn as follows:

Aein = Tin€in, Bez'n = Sin€in, ,Nn= 13 2’ e

Clearly A and B are commuting positive operators with o(A) = g¢(A) = o(B) =
0e(B) = [0,1). If 5,n > 1, then (rin,8in) € 0p(A, B) (with joint eigenvector
€in); we show that each (r;n, ;) is an isolated point of oy (A, B) belonging to
ou(4, B)\oue(A4, B) and {(rin, $in)}{%,—; is dense in ou(4, B).

To this end, recall that since A and B are normal, ou(A, B) = 01(A, B) and
oue(A, B) = 01e(4, B) [4, Corollary 3.9]. Fix 19,n9 > 1. Suppose (r,s) € o1(A, B)
and let {hy} denote a sequence of unit vectors such that

(3.1) lim (A - el + |(B — s)hi||® =
Thus

Z a(k) Z Za(k)em + af:,)loetono + Z amoemo

,n>1 n#ng 1=1 i#10
It follows that
di, = [|(A = r)hel|® + [|(B — s)hae]|?

= Z Z |a(k) (Irin = 712 + |8in — s|?)
(32) "?*ntzkt) 1 2 2
+ lagon, 2 (ITigno — 7I* + [8igno — sI?)
+ 3 10l [B(Iring — 712 + I8ino = 5I)-
1#19
Note that (FigngsSigne) € Ine X lip; we claim that if (r,s) € I,, x I;,, then
T = Tign, and 8 = S;yn,- Indeed, if (r,s) € In, x Iy, then 6 = dist(s,dI;,) > 0,
and |s;,, — 8| > &; for @ # 40; similarly, since r € I, then §; = dist(r,0I,,) > 0
and |rin — 7| > 63 for n # no. If 63 = dist((r, 5), (Tigno» Signo)) > 0, then é§ =
min(éy, 62, 63) > 0, so (3.2) implies that

>3 Z |al¥) 1262 + |alk) 1262 + > [all) 1262 > 62 > 0;

n#ng 1=1 1#£10
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this contradiction to (3.1) shows that each (7yne, Sign,) is isolated in ou(A, B).
Now suppose 7 = Tigng, 8 = Signo, 20d § = min(éy, &2); (3.2) implies

di > E la (k)|2 52

(iv")# (iO »no)

: (k)2 _
im > e =

so (3.1) shows that

(#,m)#(0,m0)
whence limy |a£:3l°| = 1. It follows that
. k) (k+1
lim | [, e 1)] - Lo a0 | =

so that limg |(hk, hk+1)| = 1. Thus {hi} cannot be an orthonormal sequence, so
(8] implies that (7ign,, Signe) & 01e(4, B).

Finally, if (r,s) € ou(A,B) and 64 = inf;,>;dist((r,s),(r:;8:)) > O,
then infy dx > 62, and this contradiction implies that {(7;y, Sin)}zc;;:l is dense in
O'H(A, B )

In contrast to this example, we show below that if («, 3) is an isolated point
of ou(A, B) arising from o € 0(A)\oe(A), then there is a “regularity” constraint
against o which helps us locate a.

For a € C, define the a-cross section of oy (A, B) as follows:

O'a(B) = {ﬂ eC: (Ot,ﬂ) € UH(A>B)};

clearly 04 (B) C 0(B) and 04(B) = 0 if a ¢ o(A). The projection property of Harte
spectra (contained in [18, Theorem 4.2]) implies that if o € 0(A), then o,(B) # 0,
and U,ey(4)9a(B) = 0(B). In what follows we employ certain refinements of the
projection property. For a € C, define

0o )(B) ={B€C: (a,8) €01(4,B)}  (C an(B)),
Ua,le(B) = {,B eC: (a, ﬂ) (S Ule(A, B)} (C Ule(B));

define 0, (B) and 04 re(B) for right and right essential spectra analogously.

For o € 0(A), let M = ker(A — @) and N = ker((A — @)*). Since B commutes
with A, M is B-invariant and N is B*-invariant.

PROPOSITION 3.2. If A — « has closed range, then

(i) 00,(B) = o1(B|M);

(ii) oa,1e(B) = 01(B|M) (when M is infinite dimensional);

(ili) 0q,r(B) = a1i(B*|N)* (foro C C, o* = {X: A €0});

(iv) oa,re(B) = 01e(B*|N)*.

PROOF. (i) Let M’ = ¥ © M; relative to the decomposition 3 = M & M/, the
matrices of A — « and B are of the form

[0 A _ [ Bu B2
4 a—<0 A22)’ B—(O Bz2>’

and since Ran(A — a) is closed,
(%) A3y A1z + A%y Agy is invertible.
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Now Bj; = B|M and, clearly, 01(B11) C 04,1(B). Conversely, let 8 € 6,,1(B) and
let {2} C X be a sequence of unit vectors such that ||(A—a)z,||+||(B—8)zx|| — 0.
Let z, = Zn+Yn, Tn € M, yn € M'. Since ||(A—a)z,|| — 0, (¥x) implies |ly»|| — 0,
whence |(B11 — B)zn|| — 0 and ||z,|| — 1. Thus B € 01(B|M); this proves (i).

(ii) Assume M is infinite dimensional; the inclusion oie(B|M) C 0q,e(B) is
clear. Conversely, suppose 8 € 04,1e(B). There exists an infinite rank orthogonal

projection
Py, P
P =
(le Py

such that (A—a)P, (B—B)P € K(X). Since (A—a)P is compact, (**) implies that
Py, Pyo € K(X). Since P2 = P11 P12+ P12 P2 and P is not compact, it follows that
Py; is not compact. Thus Py; is a nonzero projection such that (Bu - 5)1511 =0
and thus 8 € o1¢(B|M).

(iii) and (iv) follow from (i) and (ii) by taking adjoints.

For the case when Ran(A — a) is not closed, we obtain analogues of Proposition
3.2(ii), (iv) as follows.

For Ac L(X)and a € C,let J = J(A,a) ={Q € L(X): (A—a)Q € K(X)};J
is a closed right ideal of L(¥) and K(¥) C J; clearly, J = L(¥) if and only if
A—a € K(X),and J = K(¥) if and only if a ¢ 01(4). If B € L(X) and
BA — AB € K(X), then BJ C J. In this case, let [ = L(¥)/J and define
Lg: L — L by Lg(Q) = BQ; thus Lz € L(L).

PROPOSITION 3.3. (i) If a € d1e(A) (in particular, if Ran(A—a) is not closed),
then 041e(B) = 0x(Lg) = 0p(Lg) (0x(-) and op(-) denote approzimate point and
point spectra).

(ii) If a € 0re(A), then oqre(B) = ox(Lg.)* = op(Lp-)* (relative to J =
J(A*, a).

PROOF. (i) Let 8 € 0(Lj3). Then there exists a sequence {Q,.} C L, 11Qn =1,
such that ||(Lg — B)(@n) — 0, ie., ||(B — 8)Qnl — 0. Suppose there exist
operators S, T € L(X) such that S(A — a) + T(B — 8) = 1. Since (A — a)Q, =0
and [|(B - 8)Q.| — 0, then

1@ ]l = 118(A - 2)@n + T(B - B)Qnll = IT(B - B)Qnll
<|ITII(B - B)Qall — 0,

and this contradiction shows that (o, 3) € o01e(4,B). Conversely, if (o, 8) €
01e(A, B), then there exists an infinite rank projection P such that (A—a)P € K(¥X)
and (L — B)(P) = 0; thus 8 € o,(L3), and the proof is complete. (The preceding
argument has features in common with the proof of [18, Theorem 4.2].)

(ii) Take adjoints and apply (i).

We next recall some concepts studied by C. Apostol [1]. For T € L(¥) and
X € psp(T), let min.ind. (T — A) = min{nul(T — A),def(T — A)}; A is a regular
point of psr(T) if @ — Pyer(T—o) is (norm) continuous at o = A, otherwise, A is
a singular point of psr(T). Let p§p(T) and pr(T) denote, respectively, the sets
of all regular and singular points of psp(T). We denote the regular and singular
points of o(T')\oe(T) by p&(T) and p5(T). In [1, Theorem 2.2] C. Apostol proved
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that, for T in L(¥), p&p(T) is an open set, p§p(T) = p§p(T*)*, and p&p(T) is at
most a denumerable set and has no accumulation points in pgr(T).

PROPOSITION 3.4. Let A and B be commuting operators in L(X). If a €
pr(A) = C\oe(A) and (a,B) 13 1solated in ou(A, B), then a € p§(A).

PROOF. Suppose, to the contrary, that o € pi(A). Let M = ker(A — a)
and N = ker((A — a)*). Since M and N are finite dimensional, Proposition 3.2
implies that 8 € 04(B) = 04,1(B) U 0ar(B) = o(B|M) Uo(B*|N)*. Suppose
B € o(B|M) (so, in particular, M # {0}). Since « is regular (and pk(A) is open),
there exists a sequence {ay, } of distinct regular points of pr(A) such that a,, — a.
Let P, = Pier(A—a,) and P = Pyer(a—q); let k = 2||B||. Since a is regular,

(BP, + k(1 — P,)) — (BP + k(1 - P))|| - 0.

Now S is an isolated point of o(BP + k(1 — P)) (which is finite), so by upper
semicontinuity of the separate parts of the spectrum [20, Corollary 1.6], given
m > 4/k, there exists n,, > m such that

o(BP,,, +k(1- P, ))N{z: |z —B| <1/m} #0.
(We may also assume that n,, > nm,—;.) Thus there exists
Bm € 6(BP,,,, +k(1- P, ))

such that |Bm — 8| < 1/m. Since |Bm| < |B] + 1/m < ||B|| + k/4 = 2k, then
Bm # k, and thus B, € 6(BP,,,|Pn, }) C 04, ,(B) (Proposition 3.2(i)). Thus
{(an,,,Bm)}m is a sequence of distinct points of og(A, B) convergent to (o, 3).
This contradiction shows that « is singular. In the case when 8 € 0,,.(B), a
similar argument works since the function A’ — Pyer(a—x)- is continuous at o

REMARK. R. Curto 8] has proved a result which implies that, if o € pr(A4) and
(o, B) is isolated in oy (A, B), then (a, 3) is isolated in o1 (A, B), whence (o, 3) is
removable. Our concluding example shows that neither this result nor Proposition
3.4 can be extended to the case when o € pgr(A).

EXAMPLE 3.5. Let U € L(¥) denote the unilateral shift of multiplicity one.
Let Yoo = ¥ ® X ® X & - - -, and define operators A, B € L(}) by the operator
matrices

- O
L =]

Straightforward matrix calculations show that A and B commute and that no
nontrivial idempotent commutes with both A and B. Well-known properties of the
shift imply that 0 € p§p(A); we will show that (0, 0) is an isolated point of ou (A, B)
and that (0,0) ¢ oue(4, B). Since no proper idempotent commutes wiht both A
and B, (0,0) is necessarily nonremovable. Thus the results of [6] and Proposition
3.4 cannot be extended to the case when a € psr(A).
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Let o = 0. A calculation shows that the matrix of B|ker(A4) is unitarily equiva-
lent to 0c: ®U, so Proposition 3.2(i) implies that 04 1(B) = 01(B| ker(A)) = {0}UT
(where T denotes the unit circle). Since ker(A*) = {0}, Proposition 3.2 implies
that 04(B) = {0} UT. Let 0 < |a| < 1. A calculation shows that B|ker(A — )
is unitarily equivalent to the unilateral weighted shift with weights o, 1,1,1,...,
and thus B|ker(A — «) is similar to U [17, p. 47]. Now Proposition 3.2 implies
that 04(B) = 04,(B) = 01(U) = T. Thus (0,0) is an isolated point of oy (A, B).
Since A*A + B*B and AA* + BB* are Fredholm, it follows from Lemma 2.4 that
(0,0) ¢ oue(A, B).

Finally, note that since (0, 0) is nonremovable relative to oy (A, B), it cannot be
isolated in o1(A, B). Indeed, let D denote the closed unit disk; then ox(A, B) =
{(0,0)} Ubdry(D x D), and o1(A4, B) =D x D.

REMARK. After submitting this paper for publication we learned of the following
developments:

(i) R. Curto (7] has recently studied relationships between Harte and Taylor
spectra and in so doing has found a computational method for determining points
of o1r(A)\ou(A) for n = 2 (cf. the introductory remarks of §3). Moreover, he has
found proofs of (1.7) and the identity

oHe(A) oo (B) Uon(A) o oge(B) = 01e(A) 0 o1 (B) Uor(A) o oe(B)

that are independent of elementary operators |7, Theorem 3.14 and Corollary 3.16]
(cf. the remark following (1.7)). When combined with Theorem 2.1, the latter
identity yields the following analogue of (1.2) for essential spectra [7, Corollary
3.17):

(3.3) 0e(Ry) = 01e(A) 007 (B) Uor(A) o ore(B).

In [7, Example 4.1], Curto studies a generalization of Example 3.2.
(ii) In a forthcoming sequel to this note [29] we study the problem of computing
ind(Ry — )). For A € 0(Ry)\oe(Ry), let

Xy ={(a,B) € o7(A) X or(B): a0 3 = A}.

Using (1.7) and (3.3) we compute ind(Ry — A) under the following hypothesis: X
is finite and, for each (¢, 8) in Xj, either a is isolated in o (A) or S is isolated in
or(B). (See the introductory remarks of §3.)

(iii) A revised version of [3] reflects some changes from an earlier version to which
we have referred in the preceding text. For an operator T on a Banach space X let

o} (T) = {) € C: Ran(T - )) is not closed or nul(T — \) = oo}

and
0. (T) = {) € C: Ran(T — \) is not closed or def(T — A) = oo};

thus o} (T') C 01e(T) and o7 (T) C 0re(T) [28, Theorem 4]. In the version of [3]
that we have used above, the authors prove that .(RaB) = 01r, while in the revised
version they prove of (Rap) = 01,. However, the proof of the latter identity still
shows that o1e(R) C oy, so [28, Theorem 4] implies that oie(R) = o1,, as required
for (1.10). Similarly, oe(R) = 0, (R) = 0y1. A corresponding argument with R;
can be used to establish (2.1)-(2.3) from the revised version of [3].
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